By using first-principles calculation, we have found that a family of 2D transition metal dichalcogenide haeckelites with square-octagonal lattice M X 2 -4-8 (M =Mo, W and X=S, Se and Te) can host quantum spin hall effect. The phonon spectra indicate that they are dynamically stable and the largest band gap is predicted to be around 54 meV, higher than room temperature. These will pave the way to potential applications of topological insulators. We have also established a simple tight-binding model on a square-like lattice to achieve topological nontrivial quantum states, which extends the study from honeycomb lattice to square-like lattice and broads the potential topological material system greatly.
I. INTRODUCTION
Inspired by the impressed progress in theory and applications, numerous researchers turn their attentions to two-dimensional (2D) systems especially miraculous graphene 1 . Recently, another 2D system, transition metal dichalcogenides (TMDs) M X 2 with M =Mo, W, Ti, etc.
and X=S, Se, Te, has been widely explored due to wide range of electronic properties 2-6 and easy fabrication. Bulk TMDs are composed of 2D X-M-X layers stacked on top of each other.
The bonding within those trilayer sheets is covalent while the coupling between adjacent sheets is weak van der Waals (vdW) interaction. 2D TMD layers can be manufactured not only by mechanical 7, 8 and chemical exfoliation 9, 10 of their layered bulk counterparts, but also by chemical vapor deposition (CVD) 11 or two-step thermolysis 12 . However, defect will be inevitably produced during the manufacture, and it will modify the electronic structure significantly in low dimensional system.
Graphene with 5-7 defects, which is often called Haeckelites in honor of the German biologist and naturalist Ernst Haeckel, has been theoretically proposed about twenty years ago 13, 14 . In contrast to comprehensive understanding of the defect in graphene 15 , defect in 2D TMDs may just launch on. There are still so many issues need to be tackled. W.
Li et al. 16 and H. Terrones et al. 17 proposed that a new planar sheet could be generated from original hexagonal TMDs when introducing 4-8 defects. This new planar sheet is TMD Haeckelites with square-octagonal lattice. The periodic 4-8 defects have been observed in the grain boundaries of MoS 2 and most probably will exist in other TMDs 18 , too.
High-resolution transmission electron microscopy (HR-TEM) is a powerful instrument to selectively suppress or enhance bond rotations and produce defects in sample due to the ballistic procedure between high energetic electrons and sample atoms. Using aberration corrected HR-TEM device, a disordered graphene Haeckelite has been produced in situ 19 .
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The paper is arranged as follows. In section II we will introduce the details of firstprinciples calculations. In section III, the calculation results are presented and TB analysis is performed. Finally, section IV contains a conclusion of this work.
II. CALCULATION METHOD AND CRYSTAL STRUCTURE
First-principles calculations were carried out using the projector augmented wave method 35, 36 implemented in Vienna ab initio simulation package (VASP) 37,38 . Exchange and correlation potential was treated within the generalized gradient approximation (GGA) of PerdewBurke-Ernzerhof type 39 . SOC was taken into account by the second variation method self-consistently. The cut-off energy for plane wave expansion was 500 eV. The k-points sampling grid in the self-consistent process was 9 × 9 × 3. The crystal structures have been fully relaxed until the residual forces on each atom were less than 0.001 eV/Å. The crystal parameters for all TMD Haeckelites are shown in Table I Fig. 1 . It is noted that bond length between W 1 and 3 is reduced compared to that in honeycomb lattice. As we will see later, this bond is vital to topological phase transition. The dynamic stability of WS 2 -4-8 has been investigated by calculating it phonon spectrum. Imaginary frequencies can not be found in the phonon dispersion of WS 2 -4-8, which indicates the structure is stable (Fig. 1(d) ). 
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where the hopping parameters are defined as
|ω i means the orbital d z 2 on i-th W atom labelled in Fig. 1 (a) . However, one should note that periodic boundary condition is sacrificed here in order to get a concise form of Eq.
(1). When the calculated properties concern global phase such as berry phase, we need to transform H 0 (k) into another form which satisfies periodic boundary condition. 
Therefore, even the hamiltonian size will be doubled when SOC is taken into account, we can still focus on spin up (spin down) subspace only. Spin down (spin up) subspace can be obtained using above restricted conditions. Considering all the symmetries, we obtain a generic matrix form for H ↑↑ so (k).
where λ 1 and λ 3 (pure imaginary numbers) are defined as
Only the total sign(t 1 t 2 t 3 ) makes sense. Sign(t 1 t 2 t 3 ) < 0 can be inferred by inverting the whole bands of sign(t 1 t 2 t 3 ) > 0. So we take t 1 > 0, t 2 > 0 and t 3 > 0. As discussed above, t 1 = 0.6, t 3 = 1 and t 2 = 1.8. Parity information at Γ has been given.
Obviously, the E 1 has the highest energy. The band inversion happens between E 2 and E 3 or E 2 and E 4 can lead to QSH state. That means the band inversion will exist as long as |t 2 |<max(|2t 1 |, |2t 3 |). Fig. 3 show the band structure calculated with the TB model with different sets of parameters. When |t 2 | > 2|t 1 | > 2|t 3 | (Fig. 3 (a) ), the bonding and anti-bonding states are far away from each other. This is a trivial insulator. There will be a 8 band touching at Γ point if |t 2 | = 2|t 1 | (Fig. 3 (b) ). When 2|t 1 | > |t 2 | > 2|t 3 |, band inversion will happen (Fig. 3 (c) ) and the system enters into QSH state. The two valence bands (E 2 and E 4 ) with opposite parity will be degenerate at Γ if |t 2 | = 2|t 3 | (Fig. 3 (d) ). When 2|t 1 | > 2|t 3 | > |t 2 |, they will separate each other (Fig. 3 (e) ). Topological phase transition will not take place in this parametric region from Fig. 3(c) to (e), since the band inversion process occurs between two occupied valence bands. Another interesting thing is that t 1 and t 3 control the position of band crossing in non-SOC band structure. If t 1 > t 3 , the crossing will be situated at Γ − X direction (Fig. 3 (c) ) and it will move to Γ − Y direction (Mo case in Appendix) for t 1 < t 3 ( Fig. 3 (f) ).
Uniaxial strain effect has also been investigated with first-principles calculations, which can be used to tune the relative strength of these hopping parameters and control the topological quantum state transition. If we fix crystal constant a and decrease b, t 3 will increase faster than t 1 and t 2 . This means the band crossing in non-SOC band structure will move from Γ − X to Γ − Y and uniaxial strain is always beneficial for band inversion. Similar results can be get for uniaxial strain along b-axis. Therefore the topology in WS 2 -4-8 is robust against uniaxial strain.
IV. CONCLUSION
In summary, we have performed first-principles calculations for the electronic properties of TMD Haeckelites MX 2 -4-8 and found that they are 2D TIs. A simple TB model with one orbital per site and four sites per unit cell has been established to understand the band inversion mechanism. The nearest hopping parameter t 2 is vital to trigger the topological phase transition and can be tuned through lattice strain effect. Such simple square-like lattice model to achieve various topological quantum states is very stimulating. It will lead further study based on square lattice instead of honeycomb lattice and largely extend the searching range for topological materials. 
